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The gauge equivalence of the Davey—Stewartson equation and
(2 + 1)-dimensional continuous Heisenberg ferromagnetic model

Yi Cheng, Yi-Shen Li and Guo-Xiong Tang

Department of Mathematics, University of Science and Technology of China. Hefei, 230026,
Anhui, People’s Republic of China

Received 7 December 1989

Abstract. The gauge equivalence between the Davey-Stewartson (DS) equation and the
(2+1)-dimensional continuous Heisenberg ferromagnetic model is shown explicitly.
Through the gauge transformation, solutions of the psit are obtained from the vortex type
solutions of the former equation.

In the study of (1+1)-dimensional nonlinear evolution equations, a well known gauge
equivalence takes place between the continuous Heisenberg ferromagnet equation and
the nonlinear Schrédinger equation [1].

The analogue of the first equation in (2+ 1) dimensions has been given by Ishimori
[2] and it takes the form

S +8x(Suta’S,,)+ ¢S, +¢,85,=0 (1a)
¢x.v_a2¢,\',»'+2a2S(SxXS\;\'):O (lb)

with @’ =—1, §=S(x, y, t) = (5,(x, , 1), s2(x, ¥, 1), 5;(x, y, 1)) satisfying §- S =1, and
S, =a5/at, etc. A (2+1)-dimensional analogue of the nonlinear Schrédinger equation
is called the Davey-Stewartson (Ds) equation, which can be obtained from the following
system

iqt TGy azq,\{\‘ + 2qd] =0
ir+r.+ azr_‘.}. -2rg=0
Uyy = @ s +(gr) o+ a(gr),, =0 (2b)

by letting r = g, where g = g(x, y, t), etc, and the ‘bar’ denotes the complex conjugate.

The question then arises whether the gauge equivalence can also take place between
(1) and the Ds equation. In [3], the positive answer to the above question has been
mentioned but not explicitly given. The purpose of this letter is to show such
equivalence in detail. More generally, we first construct the gauge transformation from
(1) to (2). By letting a =1, it becomes the transformation from (1) with a« =i to the
Ds11 equation (i.e. (2) with & =1), therefore the vortex type solutions of (1) with a =1,
found in [2], can be transformed to solutions of Dsi1. Finally, we will show that the
reversible gauge transformation from psn to (1) with a =i is also valid.

Let us first write down the Lax pairs of both (1) and (2); they are (see [2-4]):

leaab\,'f'sax (30)
Ly=8,~2iS3%~ (iS, +iaS,5+a’ ¢S — ). (3b)

(2a)
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for (1) with

s=(s3 S) s=5,+isy, S2=1 (4)
s =8
and
L= a3, — 039, +Q (5a)
Ly=9,+2i0303-2iQa,+ C (5b)
for (2), where o, is the Pauli matrix and
0 .+ ag, a 0
Q=(2 g) Cz(rx—ary " q))“L(o b) (6)
(a—b),—a(a+b},=2i(qr), (7a)
(a+b),—a(a-b),=2ia(gr),. (7b)

Therefore, (1) and (2) can be represented as [L,, L,] =0, and [L,, L,] = 0, respectively.
If there exists a gauge transformation such that

L,=TL, T L,=TL, T (8)

then one finds that [L,, L,]=T[L,, L,]JT™', which indicates the equivalence of (1)
and (2). By comparing coefficients of 3, on both sides of (8), such a matrix T must satisfy

o, =~TST™! 9)
Q=-aTl, T'-TST'T.T"' (10)
2igy=~2iTST"' (11)
2iQ=4io;T,T '+ T(iS, —iaSS, + ¢S~ ¢,) T (12)
C=-T,T"'-2io; T, T '+2iQT.T"". (13)

Let us now consider the transformation from (1) to (2). By solving (9) and (11), the
general form of T is

T = diag(A, u)(S - a3) (14)

where A and u are temporally arbitrary. Substitute (14) into (10); require that the
right-hand side of (10) be off-diagonal; then constraints for A and u appear as

(A‘+—§is——si‘)—a(A"+—§"5——5§—y>=0 (15)

A 2(1-sy) 2 A 21-sy) 2

and Q is then exactly given in terms of S and A, u in the following way:
=il 2573) (25 @
G ol 3)] a7

gr=;[S7—a’8} - 2iaS(S, x S,)]. (18)
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Substituting T into (14) and Q, given by (17), into (12) gives rise to additional
constraints on A and w and, for instance, we have

Ay 5.8 S3X> (A 5,8 sh) s
+ 2 + — . - x TPy = O 19
2’(;\ 21-sy) 2 Aoy 2) T e (19)

and a similar equation for .
Equations (15) and (19) are equivalent to

41(’; 2(1§fs3) %) ~adp.— b, =0 (20a)

41a(/; 5(—13’—_3—;3—) %—y)—awx—qs,,:o (20b)
and similarly, we have the equivalent constraints for u:

—41(# 2—(11—%3_) s—;—‘)+a3¢x—¢,,=0 (21a)

41a(“’+2(1s—_§s3) %) +a'd. -, =0. (21b)

By direct, but lengthy, calculation one finds that equation (1b) plays the role of the
compatibility conditions for both (20) and (21).

For (13), we only need to check that the right-hand side matrix, still defined as C,
has the form of (6) and (7) with Q given by (17). Notice that

AI t . —_ . — —-
T,T"=diag(;,i)+d1ag(A,u)S,(S—as) "diag(A™', 7). (22)
n
Hence, substituting (1) into (22), one can check that the off-diagonal part of C is

-i(Q,+ @o;Q,) with Q given by (17) and the diagonal entries of C, say a and b,
apparently depend on A, and u,. By using

_A_x_&:___l_ . slxs2—52xsl>

A pa® '( 1- s, (22a)

a(ﬂ+“)——¢v (—EL) (226)
A Mo 1“53

obtained directly from (20) and (21), however, we find that
(a=-b),—ala+b),=%(S:-a’S;—2ia(S(S,xS,)). =2i(qr), (23)

i.e., a and b satisfy (7a), and similarly, we can verify that a and b also satisfy (7b).
Therefore, we have given the gauge transformation from (1) to (2) explicitly. In
particular, when a”=—1, from (20) and (21) we have x =X and then r=g in (17);
thus the gauge transformation also takes place from (1) (with a’=—1) to the equation
of psil.
It is known that the vortex type solutions of (1) with @ =1 are [2]
2fg _ M-8

YA BT

where f=f(z,t), g=g(z,t), z=x+iy and they satisfy
fitif. =g +ig..=0. (25)

A=ff+gg (24)
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Taking « =i and substituting (24) into (20) and (21), A and g can be solved as
A=g" p=ia=g" (26)

thus the solutions of psii read

2 -
q=7(/g—gS) r=g (27)
with f and g satisfying (25). For example, taking the solution of (25) in the form
g=1 f=(z"-2ir) (28)
then the solution of DsII reads
2z
q (29)

T (z2) 2~ P-4 +1

with z=x+iy, Z=x—1iy.
To construct the gauge transformation from bpsi1 to (1) with a =1, let us choose
the unitary matrix solution of

L,T=0 L,T=0. (30)
Then define S as
S=-T"'o,T (31)

i.e. T satisfies (9)-(11) and (13) with Q having been given. To determine ¢, such that
{12) and (1b) are valid for the given Q, and S in (31), we substitute (31) into (12) and
using (10) and (13), we find

i{os, T.T '} +iaos{os, LT ' —a’¢03— 6, =0 (32)
where {, } denotes the anticommutator of two matrices. Therefore ¢,, ¢, are given by
¢, =sitr(aoyios, T, T '} +a’{o;, T, T '} (33a)
¢, =Yitt({oy, T.T™}+ aoi{oy, T,T'}). (33b)

On the other hand, using (10), we have

Qt+aQ,=0o((T,T ) —a*(T,T ")) +a[T, T, .T"']. (34)
It immediately follows that

troy{oy, a((T, T —a*(T,T7'),)} =0. (35)

One can easily check that the above equation is the compatibility condition of (33).
Hence from (33), we have

b —a’py, =lia’ tr{oy, [T, T, T} =0. (36)
This equation can be written as
¢ —a’e,, =ia’tr S[S,, S,] (37)

with § given by (31). Equation (37) is the same as (1b) but in a different form.
Therefore, we have proved that the matrix T satisfying (30) gives rise to the gauge
transformation from s to (1) with a =1.
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In summary, we constructed the gauge transformation from (1) to (2), which
includes the transformation from (1) with @ =i to ps1i, hence solutions of psI1 can be
obtained from the vortex type solutions of (1) with « =i through the transformation.
The reversible gauge transformation from psii to (1) with a =i is also valid. In this
sense, the Dsi1 equation is the gauge equivalent to (1) with a =1.

This work was supported by the Fok Ying-Tung Education Foundation in China.
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